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Abstract This paper describes mechanism-based model-

ing of damage evolution in high temperature polymer

matrix composites (HTPMC) under thermo-oxidative aging

conditions. Specifically, a multi-scale model based on

micro-mechanics analysis in conjunction with continuum

damage mechanics (CDM) is developed to simulate the

accelerated fiber–matrix debond growth in the longitudinal

direction of a unidirectional HTPMC. Using this approach,

one can relate the behavior of composites at the micro-level

(representative volume element) to the macro-level (struc-

tural element) in a computationally tractable manner.

Thermo-oxidative aging is simulated with diffusion-reac-

tion model in which temperature, oxygen concentration,

and weight loss effects are considered. For debond growth

simulation, a model based on Darcy’s laws for oxygen

permeation in the fiber–matrix interface is employed, that,

when coupled with polymer shrinkage, provides a mecha-

nism for permeation-controlled debond growth in HTPMC.

Benchmark of model prediction with experimental obser-

vations of oxidation layer growth is presented, together with

a laminate thermo-oxidative life prediction model based on

CDM to demonstrate proof-of-concept.

Introduction

In order to support materials selection for the next-gener-

ation supersonic transport aircraft, a study has been

undertaken to evaluate the material constitutive relation-

ships needed to describe advanced polymer matrix

composites under conditions of high load and elevated

temperature. The primary challenge to the use of HTPMC

is due to hygro-thermal effects at temperature (100–

300 �C) resulting in thermo-oxidative degradation and

accelerated damage evolution. Various researchers have

studied the thermo-oxidative aging process by developing

model based design and novel-material systems that

enhance the life and affordability of HTPMC. Colin et al.

[1] developed a kinetic model to predict the depth of the

oxidized layer for a F655-2 bismaleimide polymer resin.

The model is based on a differential equation analogous to

Fick’s law in which the oxygen diffusion and its con-

sumption rate r(C) are coupled, where C is the oxygen

concentration. The mathematical form of the consumption

term, r(C), is derived from the mechanistic scheme of

branched radical chain oxidation. Their model predictions

were in excellent agreement with experimental results.

More recently, Colin et al. [2] enhanced their kinetic model

to predict relative mass loss in a T800H/BMI composite by

assuming that the volatile formation results essentially

from hydroperoxide decomposition. The enhanced model

was also able to take into account the fact that mass loss is

reduced due to the stabilizing effect of carbon fibers due to

the scavenging of the peroxyl radicals by carbon. Again,

excellent agreement with experimental gravimetric results

was observed. Tandon et al. [3, 4] extended the kinetic

model by introducing the concept of polymer availability

state variable, thereby producing predictive oxidative layer

growth simulations for a high temperature polyimide,

S. Roy (&) � S. Singh

Department of Aerospace Engineering and Mechanics,

University of Alabama, Tuscaloosa, AL 35487-0280, USA

e-mail: sroy@eng.ua.edu

G. A. Schoeppner

Air Force Research Laboratory (AFRL), Materials and

Manufacturing Directorate, Structural Materials Branch

(MLBC), Wright-Patterson AFB, Dayton, OH 45433-7750, USA

123

J Mater Sci (2008) 43:6651–6660

DOI 10.1007/s10853-008-2691-1



PMR-15. Macroscopic weight loss measurements were

used to determine the reaction and polymer consumption

parameters. A parametric sensitivity analysis was used to

determine the sensitivity of the controlling parameters. It

was observed that the oxidation growth process was dif-

fusion controlled, and that the diffusivity of the oxidized

zone is the controlling parameter. Recently, Pochiraju et al.

[5] have studied the thermo-oxidative behavior of unidi-

rectional composite material. Their work deals with

thermo-oxidative layer growth and damage growth with

time. The modulus of PMR-15 is sensitive to the temper-

ature and oxidation state. Due to strong anisotropy in

thermo-oxidative response of G30-500/PMR-15 composite,

accelerated oxide layer growth is observed in the fiber

direction as compared with the direction transverse to the

fibers. Homogenization techniques are used to determine

the effective diffusivity of the composite lamina. They

have demonstrated the effect of fiber fraction on diffusivity

and the effect of a diffusive interface at the lamina scale. It

is also observed that compressive modulus of PMR-15

resin decreases from 4.72 to 3.39 GPa due to temperature

rise from 25 to 288 �C as obtained from nano-indentation

data of un-oxidized resin. Wang and Chen [6] have

developed a computational micromechanics approach,

based on a recently developed coupled constitutive theory

with reaction and micro-structural damage for polymer–

matrix composites in a high-temperature environment.

Micromechanics formulation of the problem is derived to

include coupled anisotropic thermal oxidation reaction,

mass transport, and thermo-mechanical damage in the fiber

composites. Numerical solutions are developed for the

thermal oxidation problem of a carbon/polyimide com-

posite at elevated temperatures subject to thermo-

mechanical loading. Talreja [7] has developed constitutive

stress–strain relationships for basic configurations con-

taining distributed damage entities. In this model, a

continuum concept is used which considers composites as

homogeneous anisotropic bodies with distributed damage

as the internal structure. It uses the basic laws of thermo-

dynamics and damage tensor as internal variables in the

functional relationships of response functions. Recently,

Talreja [8] discussed multi-scale modeling aspects of

damage and operating mechanisms in unidirectional cera-

mic matrix composites and cross-ply polymer matrix

composite laminates. Two multi-scale modeling strate-

gies—continuum damage mechanics (CDM) and syner-

gistic damage mechanics—are proposed in the context of

deformational response. These are homogenization tech-

niques where material micro-structure and micro-damage

structure are treated as smeared tensor fields. A set of

response functions are expressed in terms of field variables,

which represent the smeared-out fields of evolving damage

entities.

The proposed approach in this paper focuses on transi-

tioning the micro-mechanics based kinetic models as

discussed earlier, to the macro-scale structural level,

through the use of CDM. The strong anisotropy observed in

the thermal-oxidation of unidirectional composite lamina is

accounted for in this model. Darcy’s law is employed to

model oxygen permeation in the porous region at the fiber/

matrix interface to develop a shrinkage induced, perme-

ation-controlled debond growth model. Debond initiation

and growth are incorporated in the model through the use

of a cohesive layer with a prescribed traction-separation

law, and the damage parameters thus obtained are used to

predict long-term behavior at the laminate level.

Mathematical formulation of thermo-oxidation model

Modified Fick’s Law for diffusion and polymer

consumption

Modified Fick’s Law for diffusion reaction with orthotropic

diffusivity is given by Crank [9],

oC

ot
¼ D11

o2C

ox2
þ D22

o2C

oy2
þ D33

o2C

oz2

� �
� rðCÞ ð1Þ

with C(x,y,z,t) denoting the oxygen concentration field at

any time within a polymer with orthotropic diffusivities

Dij, and a polymer consumption reaction rate given by r(C).

Because three distinct zones—fully oxidized, active

reaction, and unoxidized—are typically formed during

polymer oxidation [3, 4], the diffusivity in the active zone

is derived based on linear interpolation of the diffusivities

in the oxidized and unoxidized regions. The interpolation is

carried out using a polymer state variable, u, such that

u = 1 when the polymer is unoxidized, and u ¼ /ox when

the polymer is fully oxidized. The diffusivity in the active

zone is then approximated using the interpolation,

Dijð/Þ ¼ Dun
ij

/� /ox

1� /ox

þ Dox
ij

1� /
1� /ox

ð2Þ

where Dun
ij is the diffusivity in the unoxidized zone and Dox

ij

is the diffusivity in the oxidized zone.

Polymer reaction rate r(C)

The polymer reaction rate is obtained using the mechanistic

scheme of branch radical chain reaction developed in [1],

rðCÞ ¼ R0f ðCÞ ð3Þ

f ðCÞ ¼ 2bC

1þ bC
1� bC

2ð1þ bCÞ

� �
ð4Þ

where R0 is a constant or a temperature dependent parameter

and the reaction rate coefficient, b, is a material constant.

6652 J Mater Sci (2008) 43:6651–6660

123



Evolution of polymer state variable /

The evolution law for the polymer state variable is given as

[3],

d/
dt
¼ �arðCÞ ð5Þ

where a is a reaction rate constant. Assuming the initial

condition that / = 1 at t = 0 (un-oxidized state) and

integrating Eq. 5, gives

/ðtÞ ¼ /0 �
Z t

0

arðCÞdt ¼ 1�
Z t

0

arðCÞdt ð6Þ

If it is assumed that /ox is the cut-off value of / in the

oxidized zone when all of the consumable portion of the

polymer has been consumed, then /(t) = /ox in the fully

oxidized zone.

Cohesive layer modeling of anisotropy in thermo-

oxidative degradation

It has been observed in surface weight-loss rate experi-

ments performed on unidirectional G30-500/PMR-15

polymer matrix composite laminate aged at 288 �C at Air

Force Research Laboratory (AFRL), that oxygen diffusion,

and consequently, polymer weight loss exhibits anisotropic

behavior. The weight loss in the direction transverse to the

fibers is actually lower than the weight-loss for neat resin

samples due to the retarding effect of the carbon fibers on

oxygen diffusion, as predicated by the rule-of-mixtures.

However, the weight loss in the longitudinal (fiber) direc-

tion is observed to be greatly accelerated due to synergistic

interactions between the fiber, matrix, and the interface. It

is conjectured that polymer shrinkage due to thermal oxi-

dation may be responsible for debond initiation and

propagation along fiber–matrix interfaces, thereby allowing

accelerated penetration of oxygen into the laminate, fol-

lowed by thermal oxidation. A micrograph showing

evidence of fiber/matrix debond due to thermo-oxidative

resin shrinkage is presented in Fig. 1. To simulate this

effect, a cohesive layer model was introduced at the

interface of the polymer and fiber within the framework of

a finite element analysis of a representative volume ele-

ment (RVE) using an in-house test-bed code (NOVA-3D,

[10, 11]). Based on a cohesive zone model proposed by

Needleman [12], a cubic traction-separation law is

employed to simulate the material behavior at the fiber/

matrix interface, as shown in Fig. 2. In the present model,

the cohesive layer is assumed to have a finite thickness,

approximately equal to the thickness of the sizing at the

fiber/matrix interface. Material properties of the fiber,

matrix and cohesive layer are given in Table 1. It is

important to note that the elastic modulus of polymer

matrix varies with aging time and polymer state variable u
as suggested by Wise et al. [13],

Eð/;T ; tÞ¼EunðTÞexp Kox

1�/
1�/ox

� �
exp Knox

1�/
1�/ox

t

� �

ð7Þ

where Knox = 0 and Kox = 0.1878 for PMR-15, T is tem-

perature, and t is time. Further, it is notable that significant

polymer shrinkage strains—on the order of 30–40% at ele-

vated temperatures—were observed by researchers at the Air

Force Research Laboratory (AFRL, Dayton, OH, USA).

Analytical model to predict debond length using

Darcy’s law for oxygen diffusion

Assuming that the fiber/matrix debond is initiated and

propagated by the shrinkage strain in the surrounding poly-

mer matrix due to oxidative degradation, it is proposed that

the debond fracture surface is not smooth, but that it exhibits

Fig. 1 Micrograph of fiber/matrix debond due to thermo-oxidation in

G30-500/PMR-15 composite at 288 �C in air

Fig. 2 Normalized cubic traction-separation law for cohesive layer
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significant roughness due to the presence of oxidation

products as well as fractured polymer fibrils along the

interface. Consequently, the flow of oxygen to the debond tip

may be represented as one-dimensional axisymmetric flow

through a porous media, as depicted in Fig. 3, where d is the

debond length, and x0 is the length along which permeation

of oxygen is occurring through the porous debond region.

Assuming flow controlled debond growth, debond length (d)

is set equal to length of porous flow regime (x0), where ‘‘A’’ is

the projected area of debond, and p is partial pressure of

oxygen inside the debond. From Darcy’s law of flow in a

porous medium, the rate of oxygen flow, u, into the debond

region can be written, as given by Williams [14],

dx0

dt
¼ u ¼ A

cg
dp

dx

� �
ð8Þ

where g is the viscosity and c is a constant. Using Henry’s

Law, we can define a relation between pressure (p), and

concentration of oxygen (C), inside the debond,

Pressure (pÞ ¼ Concentration (CÞ � Solubility (SÞ

Substituting for pressure in Eq. 8, and assuming

solubility is a constant, the modified form of Darcy’s

equation in terms of oxygen concentration (C) becomes,

dx0

dt
¼ u ¼ SA

cg
dC

dx

� �
ð9Þ

In the interest of tractability, assuming that oxygen

diffusion inside the porous debond is incompressible, the

continuity condition can be written as,

du

dx
þ dv

dx
¼ 0 ð10Þ

where u and v represent velocity of oxygen flow in the x

and y directions, respectively.

For a steady rate of diffusion in transverse direction,

dm=dx ¼ 0, giving,

du

dx
¼ 0

Substituting this result in Eq. 9 gives,

d2C

dx2
¼ 0 ð11Þ

or,

C ¼ mxþ b

The concentration boundary conditions are,

At x ¼ 0;C ¼ C0 ðoxygen concentration at the free edge)

or,

b ¼ C0

At x = x0, C = 0, assuming zero oxygen concentration at

the debond tip where void nucleation is taking place,

giving,

Table 1 Material properties of

G30-500 carbon fiber, polymer

matrix (PMR-15), and cohesive

layer

Material properties Polymer matrix Carbon fiber Cohesive layer

Young’s modulus (GPa) (un-oxidized) 2.6 240 –

Poisson’s ratio 0.36 0.4 –

Maximum stress (MPa) – – 10

Maximum strain – – 0.1

Dun (910-12 m2/min) 78.6 7.86 78.6

Dox (910-12 m2/min) 150 15.0 150

R0 (9 mol/m3 min) 0.0583 – 0.0583

Threshold value of polymer state variable (uox) 0.18 – 0.18

Percent shrinkage strain 5% – 5%

Reaction rate parameter (a) 0.2 – 0.2

b 0.919 – 0.919

k(CTE) (/�C) 1.0 9 10-5 – 1.0 9 10-5

Fiber radius (R) in (m) – 2.5 9 10-6 –

Fig. 3 Debonding due to oxygen permeation/diffusion at the inter-

face of fiber and matrix
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m ¼ �C0

x0

Therefore,

C ¼ C0 1� x

x0

� �
ð12Þ

Combining (9) and (12) gives,

dx0

dt
¼ u ¼ SA

cg
�C0

x0

� �

Integrating,

Zd

0

x0dx0 ¼ �
Z t

0

SA

cg
C0dt

or,

d2

2
¼ � SA

cg
C0t

or,

d ¼ �2SAC0

cg

� �1=2 ffiffi
t
p

ð13Þ

where ‘‘d’’ is the debond length. As evident from Eq. 13,

for permeation-controlled debond growth, debond length at

the fiber/matrix interface due to oxidative degradation is

directly proportional to the square-root of time.

Least-squares fit for debond length from experiments

A least-squares fit was employed to fit the experimental

data for debond length due to diffusion complying with

square-root of time as shown in Fig. 4 for oxidation of a

G30-500/PMR-15 unidirectional laminate in air at 288 �C.

From the least-square fit, the following relationship

between debond length d, and time, t was established,

dðtÞ ¼ B
ffiffi
t
p

ð14Þ

where B = 23.68 for G30-500/PMR-15. A comparison of the

functional form of Eq. 14 with Eq. 13 corroborates the use of

Darcy’s law for predicting debond length due to permeation-

controlled debond growth at the micro-scale. Oxygen con-

centration boundary conditions along the length of the

debond given by Eq. 12, in conjunction with the diffusion-

reaction equation for the polymer matrix (Eq. 1) and cohesive

layer element at the fiber/matrix interface were incorporated

in a in-house test-bed finite element code (NOVA-3D) to

predict debond length as a function of time using a nonlinear

finite element solution technique that takes into account the

moving boundary at the debond tip. The material parameters

used in the simulation are listed in Table 1. Figure 5 shows

Fig. 4 Least squares curve fit for debond length versus time, of the

form BHt

Fig. 5 Predicted debond length versus time from FEA analysis

(NOVA-3D)

Fig. 6 Debond growth rate versus time using FEA for 5% shrinkage

strain
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that the debond length history predicted by NOVA-3D

compares well with the evolution of average debond length

from experimental data for G30-500/PMR-15, despite some

scatter in the test data at higher aging times. In Fig. 6, debond

growth rate computed from NOVA-3D is compared with

least-squares fit of experimental data, again showing excel-

lent agreement. As can be observed from this figure, after

debond initiation at fiber/matrix interface near the laminate

edge, the initial decrease in debond growth rate is very rapid.

Subsequently, the debond growth rate asymptotically

approaches a constant value after over 3000 h of exposure.

Anisotropic damage modeling for fiber/matrix

debonding

Derivation of damage mechanics model

Based on the CDM approach proposed by Talreja [7, 8],

Figure 7 shows a RVE with full circumferential fiber/

matrix debond of length d. We assume that the debond

surfaces are symmetric about three orthogonal planes, one

of which splits a fiber longitudinally in two halves and

the other is normal to the fiber axis. Assuming that the

undamaged composite is transversely isotropic with the

plane normal to the fiber axis as the plane of isotropy, we

define the coordinate axes with X1-axis parallel to fibers as

shown in Fig. 7. For an RVE where Vf is fiber volume

fraction, R is the fiber radius, LR is the length of RVE, d(t)

is the fiber/matrix debond length in longitudinal direction

at time t, and a is a damage influence parameter analogous

to mode I crack-opening displacement, a symmetric dam-

age tensor at the debond surface may be defined as [7],

dij ¼
1

VRVE

Z
S

aninjdS ð15Þ

where S is the area of the debond surface within the RVE, and

the unit normal vector to the debond surface is given by,

n!¼ � cos h ê2 � sin h ê3 ð16Þ

with scalar components n1 = 0, n2 = Cos h, and n3 = Sin h.

The volume of the RVE is given by,

VRVE ¼
pR2LR

Vf

ð17Þ

Because the component of the unit normal in the lon-

gitudinal direction is zero (n1 = 0) at the debond surface,

the component of the damage tensor in the longitudinal

(fiber) direction is also zero, i.e., d11 = 0.

By substituting Eqs. (16) and (17) in Eq. (15), the

component of the damage tensor normal to the debond

surface in the X2-direction at time t, is given by,

d22ðtÞ ¼
1

VRVE

2

Zp

0

aCos2h dðtÞ Rdh

0
@

1
A

or,

d22ðtÞ ¼
aVfdðtÞ

RLR

¼ dðtÞ ð18Þ

Similarly, it can be shown that the component of the

damage in the X3-direction at time t is,

d33ðtÞ ¼
1

VRVE

2

Zp

0

aSin2hdðtÞRdh

0
@

1
A ¼ aVfdðtÞ

RLR

ð19Þ

It is evident from Eqs. 18 and 19 that d22 = d33 = d(t),

and that d22 and d33 represent the same damage entity for a

full circumferentially debonded fiber. If the crack opening

displacement a is assumed to be proportional to a

characteristic crack dimension [7], i.e., a ¼ k
ffiffiffi
S
p

, where S

is the surface area of the debond, and k is a proportionality

constant, then the damage parameter can be written as,

dðtÞ ¼ kVfdðtÞ
ffiffiffiffiffiffiffiffi
SðtÞ

p
RLR

ð20Þ

Defining S(t) = 2pRd(t) as the area of debond at time t,

the damage parameter can be expressed as,

dðtÞ ¼ kVf

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2p

LR

R

� �s
dðtÞ
LR

� �3=2

ð21Þ

Formulation of stiffness coefficient matrix

for fiber/matrix debond

Thermo-mechanical response of a structure with internal

damage can be described using fundamental principles
Fig. 7 Representative volume element containing fiber/matrix

debond
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of irreversible thermodynamics [15]. The internal vari-

able for the debond damage configuration is d(t) as

given by Eq. 21, and the response function has follow-

ing form,

U ¼ Uðeij; dÞ ð22Þ

The elements of integrity basis for transversely isotropic

symmetry [16], retaining up to second-order term in eij and

linear terms in d, assuming d� 1, are,

e11; e22 þ e33; ðe22 � e33Þ2 þ 4e2
23; e

2
12

þ e2
13; d; dðe22 � e33Þ; de23; de12e13; dðe2

12 � e2
13Þ ð23Þ

The polynomial expansion of the Helmholz free energy

function, U, in the absence of residual stresses, takes the

following form [7],

qU ¼ qU0 þ qUd ð24Þ

where q is the density of the material, U0 is a homogenously

quadratic function of strain (eij) representing the undamaged

state of the material, and Ud is a homogeneously quadratic

function of strain and a linear function of the damage

parameter d, incorporating the influence of damage on

material stiffness. Constructed using the irreducible

integrity bases given in Eq. 23, Ud has the following

form [7],

qUd ¼ A1de2
11 þ A2dðe22 þ e33Þ2 þ A3de11ðe22 þ e33Þ

þ A4d½ðe22 � e33Þ2 þ 4e2
23� þ A5dðe2

12 þ e2
13Þ

þ A6dðe2
12 � e2

13Þ þ A7de12e13 þ A8de11e23

þ A9de23ðe22 þ e33Þ þ A10de11ðe22 � e33Þ
þ A11dðe2

22 � e2
33Þ ð25Þ

where A1 through A11 are constant coefficients. The fourth-

rank material stiffness tensor is given by the sum of the

undamaged and damaged components,

Cijkl ¼ C0
ijkl þ Cd

ijkl ð26Þ

where

C0
ijkl ¼ q

o2U0

oeijoekl
and Cd

ijkl ¼ q
o2Ud

oeijoekl
ð27Þ

Here, C0 is the stiffness tensor for an undamaged

orthotropic elastic material, and the tensor Cd represents

the change in stiffness coefficients due to the presence of

damage in the form of fiber/matrix debonding.

Degradation of engineering moduli

Linearization of Eq. 27 leads to expressions for the in-

plane engineering moduli after thermo-oxidative debond-

ing damage has taken place, given by [7],

E�1ðtÞ ¼ E0
1 þ 2dðtÞ½ �A1 � �A2m

0
12 þ �A3ðm0

12Þ
2�

E�2ðtÞ ¼ E0
2 þ 2dðtÞ½ �A3 � �A2m

0
21 þ �A1ðm0

21Þ
2�

m�12ðtÞ ¼ m0
12 þ 2dðtÞ 1� m0

12m
0
21

E0
2

1

2
�A2 � �A3m

0
12

� �

G�12ðtÞ ¼ G0
12 þ 2dðtÞ �A2=4

ð28Þ

where E0
1, E0

2, m0
12, and G0

12 are the in-plane elastic prop-

erties of the undamaged composite lamina, and �A1, �A2, �A3

and �A4 are constant coefficients from the CDM model. A

numerical methodology for determining the unknown

constant coefficients is presented in next section.

Evaluation of continuum damage mechanics coefficients

Three-dimensional finite element simulations [17], with a

cohesive layer at fiber/matrix interface, were performed to

obtain the damage mechanics coefficients defined in the

previous section. The following load cases were simulated

applying iso-strain boundary conditions to the RVE

depicted in Fig. 7:

1. Axial tension (applied normal strain e11 = constant,

e22 = 0, e33 = 0)

2. Transverse tension (applied normal strain e22 = con-

stant, e11 = 0, e33 = 0)

3. Axial tension with Poisson effect (applied normal strain

e11 = constant, e33 = 0, e22 = 0 is unconstrained)

4. In-plane-shear (applied shear strain c12 = constant)

The FEA simulations were post-processed to obtain the

total strain-energy for the RVE for each of the above refer-

ence cases, for a specified debond length, d. Using energy

equivalence between the micromechanical RVE and a

smeared orthotropic continuum model of the RVE, the

unknown CDM coefficients �A1, �A2, �A3, and �A4 were obtained

by employing a least-squares fit. The CDM coefficients thus

obtained are tabulated in Table 2. Having determined the

CDM coefficients, the damaged orthotropic lamina proper-

ties E�11; E�22; m�12, and G�12, were then obtained as a function

of debond length as defined in Eq. 28. The fiber volume

fraction for the FEA simulation was assumed to be 0.6. The

fiber and matrix properties for G30-500/PMR-15 composite

used in these simulations are given in Table 1.

Damage evolution model for a composite laminate

Consider a unidirectional G30-500/PMR-15 laminate of

thickness h, subjected to a load P at the mid-span as shown

in Fig. 8. In this case study, the unidirectional fibers are

assumed to run parallel to the X-axis, and thermo-oxidative
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degradation of the laminate is assumed to occur primarily

due to the progressive debonding of the fiber/matrix

interface at the free edges of the laminate induced by

shrinkage stresses in the matrix due to oxidation. Assume

that the average extent of the zone of thermal-oxidative

degradation from the laminate edge at time t is given by

d(t), as shown in Fig. 8. For an orthotropic unidirectional

symmetric laminate undergoing cylindrical bending, the

moment curvature relationship reduces to,

D�11

d2w�

dx2
¼ MðxÞ 0\x\dðtÞ ð29Þ

where the bending stiffness after thermo-oxidative damage,

D�11 ¼
1

12
bh3 E�1

1� m�12m
�
21

� �
ð30Þ

In Eqs. 29 and 30, b is the width of the laminate, h is

the thickness, and M(x) is the applied bending moment.

Superscript (*) denotes material properties that have

undergone thermo-oxidative damage, as defined in Eq. 28.

Assuming that the average length of the interfacial debond

is d(t) at time t, and using symmetry, the moment–curvature

relationship for the undamaged laminate can be expressed

as,

D11

d2w

dx2
¼ MðxÞ dðtÞ\x\L=2 ð31Þ

where,

D11 ¼
1

12
bh3 E0

1

1� m0
12m

0
21

� �
ð32Þ

For three-point bending of a simply supported laminate

as shown in Fig. 8, the bending moment is,

MðxÞ ¼ �P

2
x 0\x\L=2 ð33Þ

For the debonded portion of the laminate at time t,

substituting (33) in (29),

D�11

d2w�

dx2
¼ �P

2
x

dw�

dx
¼ � P

4D�11

x2 þ c1 ð34Þ

w�ðxÞ ¼ � P

12D�11

x3 þ c1xþ c2 ð35Þ

Applying boundary condition, that at x = 0, w(0) = 0,

gives,

w�ð0Þ ¼ c2 ¼ 0 ð36Þ

Substituting (36) in (35) gives,

w�ðxÞ ¼ � P

12D�11

x3 þ c1x 0\x\dðtÞ ð37Þ

For the undamaged portion of the laminate at time t,

substituting (33) in (31),

d2w

dx2
¼ � Px

2D11

dw

dx
¼ � Px2

4D11

þ c3 ð38Þ

wðxÞ ¼ � Px3

12D11

þ c3xþ c4 ð39Þ

Applying symmetry boundary condition that at x = L/2,

dw/dx = 0, gives,

dw

dx

����
x¼L

2

¼ � P

4D11

L2

4

� �
þ c3 ¼ 0

or,

c3 ¼
PL2

16D11

ð40Þ

Therefore,

wðxÞ ¼ � Px3

12D11

þ PL2x

16D11

þ c4 ð41Þ

Enforcing continuity of deflection and slope at the point

where the damaged and the undamaged laminate meet, i.e.,

at x = d(t),

w�ðdðtÞÞ ¼ wðdðtÞÞ ð42Þ
dw�

dx

����
x¼dðtÞ

¼ dw

dx

����
x¼dðtÞ

ð43Þ

Enforcing Eq. 43, combining Eqs. (34), (38), and (40),

Table 2 Coefficients of CDM for Vf = 0.6

CDM coefficients Values

A1 (MPa) -3.981 9 103

A2 (MPa) -10.424 9 103

A3 (MPa) -1.513 9 103

A4 (MPa) -1.67 9 103

k 0.02–0.05

Z

X

L/2 L/2

P

d(t) d(t) 

h

Fig. 8 Thermo-oxidative degradation of symmetric unidirectional

laminate under three-point bending load
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c1 ¼
PL2

16D11

þ Pd2ðtÞ
4

1

D�11

� 1

D11

� �
ð44Þ

Enforcing Eq. 42, combining Eqs. 37 and 41,

c4 ¼
Pd3ðtÞ

12

1

D11

� 1

D�11

� �
� PL2dðtÞ

16D11

þ c1dðtÞ ð45Þ

Finally, an expression for the deflection at the mid-span

of the thermo-oxidatively aged laminate can be obtained by

combining Eqs. 41, 44, and 45,

w
L

2

� �
aged

¼ PL3

48D11

� Pd3ðtÞ
6

1

D11

� 1

D�11

� �
ð46Þ

As a baseline for comparison, the deflection at the mid-

span of an equivalent unaged (undamaged) laminate of

length L due to three point bending is given by,

w
L

2

� �
unaged

¼ PL3

48D11

ð47Þ

It is evident that Eq. 46 reduces to Eq. 47 when debond

damage length d(t) is zero, in which event D�11 ¼ D11.

If we rewrite Eq. 46 in the form,

w
L

2

� �
aged

¼ PL3

48D11

where �D11 is the overall effective (damaged) laminate

bending stiffness, then,

D11ðdðtÞÞ ¼
PL3

48w L
2

� �
aged

ð48Þ

where w(L/2) is given by Eq. 46.

Finally, the normalized effective bending stiffness for

the aged laminate can be obtained from Eqs. 48, 46, and 32,

D11

D11

¼ PL3

48D11w L
2

� �
aged

ð49Þ

Results and discussion

In the laminate analysis results presented in this section, the

evolution of the average fiber/matrix debond length, d(t), as a

function of time is obtained using Eq. 14. The corresponding

damage parameter d(t) for the laminate analysis is defined by

setting the debond length equal to the micromechanical RVE

length (i.e., d(t) = LR) in Eq. 21, representing a fully deb-

onded fiber/matrix interface of length d(t) at time t, giving,

dðtÞ ¼ kVf

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2p

dðtÞ
R

� �s
ð50Þ

The predicted variation of normalized bending stiffness

( �D11=D11) with normalized fiber/matrix debond length for a

unidirectional G30-500/PMR-15 laminate is shown in

Fig. 9 for different values of the damage opening

proportionality constant k (refer to Eq. 20). Figure 10

depicts the predicted variation of normalized laminate

bending stiffness ( �D11=D11) with time, based on the NOVA-

3D predictions of the debond growth rate shown in Fig. 5.

From these figures, it is evident that, initially, the effect of

debond growth on bending stiffness is not very significant

until the debond length, d(t), from each edge approaches

*15% of the laminate span. Subsequently, a dramatic

reduction in the effective bending stiffness is predicted as

the debond length increases with time. A parametric

sensitivity study of the influence of the damage opening

proportionality constant k on effective bending stiffness as

depicted in Figs. 9 and 10 reveals that the effective bending

Fig. 9 Variation of normalized bending stiffness �D11=D11 with

debond length for different values of the damage parameter k

Fig. 10 Variation of normalized bending stiffness �D11=D11 with time

for different values of the damage parameter k
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stiffness is quite sensitive to the value of k for the range of

properties selected in the present analysis.

Conclusions

In this paper, a simple methodology is presented for tran-

sitioning from a micro-mechanics (RVE)-based kinetic

model to the macro-scale structural level, through the use

of CDM. The strong anisotropy in the longitudinal direc-

tion observed in the thermal-oxidation of unidirectional

composite lamina is accounted for in this model. Darcy’s

law is employed to model oxygen permeation in the porous

region at the fiber/matrix interface to develop a shrinkage-

induced permeation-controlled debond growth model.

Debond initiation and growth is incorporated in the model

through the use of a cohesive layer with a prescribed

traction-separation law, and the damage parameters thus

obtained are used to predict long-term behavior at the

laminate level.

From the analytical predictions it is evident that, ini-

tially, the effect of debond growth on laminate bending

stiffness is not very significant until the debond length, d(t),

from each edge approaches *15% of the laminate span.

Subsequently, a dramatic reduction in the effective bending

stiffness is predicted as the debond length increases with

time. A parametric sensitivity study of the influence of the

damage opening proportionality constant k on effective

bending stiffness reveals that the effective bending stiff-

ness is quite sensitive to the value k for the range of

properties selected in the present analysis.

It should be noted that the influence of temperature on

the CDM parameters is not included in this analysis due to

a lack of characterization data. Further, fiber/matrix debond

is considered as the principal damage mode because there

is little evidence that other damage modes, such as trans-

verse matrix cracking, significantly influences laminate

bending stiffness for the composite under consideration. It

should also be noted that the CDM-based analytical model

for predicting laminate stiffness degradation as presented

in the previous section is valid only for unidirectional

laminates undergoing three-point bending, and for a square

packing of the micromechanical RVE. However, the same

multi-scale modeling methodology presented in this paper

can be readily implemented in a three-dimensional finite

element code to predict changes in stiffness due to thermo-

oxidative degradation in composite laminates with arbi-

trary ply orientation subjected to complex load histories.

Work is currently underway to implement the multi-scale

CDM model in a three-dimensional finite element code.
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